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harmonic centrality [11], Katz centrality [12], and PageRank 
[13]. However, these four methods are not considered in this 
paper due to brevity. 
 

GPenSIM Functions for Network Centrality 
 

Table-I summarizes the main GPenSIM functions for 
measuring network centrality (NC) in Petri Net models. 

 
TABLE I.  GPENSIM FUNCTIONS FOR MEASURING NC.  
GPenSIM function Description 
degCentrality Normalized degree centrality of 

nodes. 
betCentrality Normalized betweenness 

centrality of nodes. 
cloCentrality Normalized closeness centrality of 

nodes. 
matrixD The incidence matrix of a Petri 

net. 
sssp Finding single-source shortest 

paths, using Dijkstra’s algorithm. 
apsp Finding all-pairs shortest paths, 

using Johnson’s algorithm. 
 

 
A. Function degCentrality 

The function degCentrality computes the values of 
degree centrality (dc and dC).  

Algorithm for this function processes the incidence matrix of 
a Petri net to compute the values of dc and dC. Computing dc 
and dC of a node take O(n) time (thus all the nodes take O(n2) 
time). This is because the degree of a node is simply the 
summation of the relevant row vector of the incidence matrix. 
 
B. Function betCentrality 

The values of betweenness centrality (bc and bC) are 
computed by the function betCentrality.  

Algorithm for this function: This function mainly uses 
“single-source shortest-paths” search. The algorithm is shown 
in fig. 1. In this algorithm, for each node of the graph 
“single-source shortest paths” is run using the node as the 
source. Dijkstra’s algorithm could be used for finding the 
single-source shortest-paths [14]. In the resulting path, for all 
the nodes that appear between any two pairs of nodes, the 
respective counter (inbetweenness counter) will be increased 
by one. The computation time of the algorithm: The 
computation time is dominated by processing of the N number 
of pi paths, which examines O(N2) pairs for each of the N nodes, 
leading to a runtime of O(N3). 

 

 
Figure 1: Algorithm for measuring betweenness centrality. 

 
 

 
 

C. Function cloCentrality 
The values of closeness centrality (cc and cC) are computed 

by the function cloCentrality. Algorithm for this 
function: The algorithm uses “All-Pairs Shortest Paths” for 
finding the shortest distances between any two nodes. 
Johnson’s algorithm [15] can be used for finding the “All-Pairs 
Shortest Paths.” Johnson’s algorithm takes O(N2·logN) running 
time. 

 
D. Other GPenSIM functions 

There are some other utility functions implemented too, such 
as Dijkstra for finding single-source shortest-path and Johnson 
for finding all-pairs shortest-paths. These utility functions are 
for realizing betweenness and closeness functions, 
respectively. 
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Figure 1: Flexible manufacturing System 

 
Application Example 

 
The case study is on a simple Flexible Manufacturing System 

(FMS) (see fig.1). This example is taken from the authors’ 
earlier work [16]. Only one product is made by the FMS: 
• The production is initiated by the conveyor belt C1 which 

brings in the raw material-A. Robot R1 picks the 
material-A, and loads machine M1.  

• Also, conveyor C2 brings material-B which is picked up 
and loaded into machine M2 by R2. 

• Semi-product P1 is made by M1. Similarly, semi-product 
P2 is produced by M2.  

• The robots R1 and R2 moves the semi-products from the 
M1 & M2, respectively, and loads these semi-products 
into the assembly station.  

• The semi-products are assembled together as an 
unpolished product on the assembly station by R2.  

• The unpolished product is polished and painted on the 
painting station PS. This work is done by R3. The output 
buffer OB is loaded with the product also by R3. 

In the Petri Net model shown in figure 3, transition tC1 
represents the activity of the conveyor belt C1 and tC2 the 
conveyor belt C2. tC1M1 represents the activity of R1 shifting 
of material-A to M1 from C1. Similarly, tC2M2 represents 
shifting of material-B to M2 from C2. 

The activity of producing the semi-product P1 on M1 is 
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Introduction 

     
Evaluation of the importance of machine elements in a 

manufacturing network is a very useful thing to do. This is 
because should the machine element becomes defunct, the 
impact of this problem on the manufacturing can be estimated. 
Graph theory provides some methods for evaluation of the 
network-centric importance of an element in a network. These 
methods are categorized as methods for finding ‘Network 
Centrality.’ These methods analyze the static network based on 
how the elements (nodes) in the graph are connected. However, 
when the network is put into action, the nodes that are 
seemingly in central positions may not be as important as the 
static analysis revealed.  

During the dynamic analysis, the important nodes are the 
nodes that do most of the work, let most of the material pass 
through it, add the most value to the passing material, and so on. 
Thus, evaluation of the importance of a machine element in a 
manufacturing network should consist of two parts: 1) 
Evaluation by static analysis based on network centrality 
theorems, and 2) Evaluation by dynamic analysis on the 
manufacturing network, using simulations. However, the scope 
of this paper is limited to the static analysis only, using network 
centrality theorems.   

This paper proposes network centrality analysis using Petri 
nets. This means, in addition to the usual performance analysis 
through simulations, static centrality measures can also be done 
on the Petri net. Performing both static and dynamic analysis of 
a discrete-event system paves a deeper understanding of the 
system. For example, dynamic analysis can identify the 
elements that are the bottlenecks in the system, whereas static 
network centrality analysis can show why these elements 
become the bottlenecks.      

In this paper, the software known as General-purpose Petri 
Net Simulator (GPenSIM) [1] is used for static analysis of 
discrete-event systems (e.g., manufacturing networks). The 

first author of this paper developed GPenSIM. GPenSIM is 
used in the literature for dynamic analysis of a variety of 
discrete-event systems [2]. This paper is the first attempt to 
perform static analysis using GPenSIM functions for network 
centrality. 

 
Network Centrality: The Basics 

 
   Evaluation of network centrality of nodes in a network is to 
find out which nodes are the most central or the most decisive 
ones. 
 
A. Degree Centrality 

Degree centrality is counting in the input and out connections 
of a node. The idea behind this is that a node that has more 
input and output connections is more central [7]. Thus, the 
degree centrality (dc) is a local measure, based purely on the 
node and its connections with its immediate neighbors: 

dci = input and output connections of node i (1) 
The normalized degree centrality of an element is given by 

the following equation (N represents the number of nodes): 
dCi = dci /(N-1)   (2) 

 
B. Betweenness Centrality 

Betweenness centrality (bc) indicates the importance of a 
node by how much information that originates anywhere in the 
network is likely to pass through the node [8]. In practice, 
betweenness centrality is the number of shortest paths the node 
falls on between all other pairs of nodes. 

bci = number of shortest paths that go through node i   (3) 
The normalized between centrality (bC) of an element is 

given by the following equation, in which the denominator 
represents the total number of pairs possible disregarding the 
node under scrutiny [9]. 

bCi = bci / [(N-1) × (N – 2)/2]   (4) 
Betweenness centrality is a more robust measure as it 

considers all the nodes when evaluating a single node.   
 
C. Closeness Centrality 
    Closeness centrality (cc) is measuring the distances of all 
other nodes from a specific node [9]. 

cci = Sigma(dji), j = 1..N (5) 
  Since closer the node with the other nodes, smaller the value 
for the measurement will be, the normalized cc is measured by 
inverting the sum of the distances. 

cCi = [cci / (N-1)]-1  (6) 
 

C. Other Methods for Centrality Measurement 
   Literature provides some other methods for measuring the 
centrality of elements, such as eigenvector centrality [10], 
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harmonic centrality [11], Katz centrality [12], and PageRank 
[13]. However, these four methods are not considered in this 
paper due to brevity. 
 

GPenSIM Functions for Network Centrality 
 

Table-I summarizes the main GPenSIM functions for 
measuring network centrality (NC) in Petri Net models. 

 
TABLE I.  GPENSIM FUNCTIONS FOR MEASURING NC.  
GPenSIM function Description 
degCentrality Normalized degree centrality of 

nodes. 
betCentrality Normalized betweenness 

centrality of nodes. 
cloCentrality Normalized closeness centrality of 

nodes. 
matrixD The incidence matrix of a Petri 

net. 
sssp Finding single-source shortest 

paths, using Dijkstra’s algorithm. 
apsp Finding all-pairs shortest paths, 

using Johnson’s algorithm. 
 

 
A. Function degCentrality 

The function degCentrality computes the values of 
degree centrality (dc and dC).  

Algorithm for this function processes the incidence matrix of 
a Petri net to compute the values of dc and dC. Computing dc 
and dC of a node take O(n) time (thus all the nodes take O(n2) 
time). This is because the degree of a node is simply the 
summation of the relevant row vector of the incidence matrix. 
 
B. Function betCentrality 

The values of betweenness centrality (bc and bC) are 
computed by the function betCentrality.  

Algorithm for this function: This function mainly uses 
“single-source shortest-paths” search. The algorithm is shown 
in fig. 1. In this algorithm, for each node of the graph 
“single-source shortest paths” is run using the node as the 
source. Dijkstra’s algorithm could be used for finding the 
single-source shortest-paths [14]. In the resulting path, for all 
the nodes that appear between any two pairs of nodes, the 
respective counter (inbetweenness counter) will be increased 
by one. The computation time of the algorithm: The 
computation time is dominated by processing of the N number 
of pi paths, which examines O(N2) pairs for each of the N nodes, 
leading to a runtime of O(N3). 

 

 
Figure 1: Algorithm for measuring betweenness centrality. 

 
 

 
 

C. Function cloCentrality 
The values of closeness centrality (cc and cC) are computed 

by the function cloCentrality. Algorithm for this 
function: The algorithm uses “All-Pairs Shortest Paths” for 
finding the shortest distances between any two nodes. 
Johnson’s algorithm [15] can be used for finding the “All-Pairs 
Shortest Paths.” Johnson’s algorithm takes O(N2·logN) running 
time. 

 
D. Other GPenSIM functions 

There are some other utility functions implemented too, such 
as Dijkstra for finding single-source shortest-path and Johnson 
for finding all-pairs shortest-paths. These utility functions are 
for realizing betweenness and closeness functions, 
respectively. 
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Application Example 

 
The case study is on a simple Flexible Manufacturing System 

(FMS) (see fig.1). This example is taken from the authors’ 
earlier work [16]. Only one product is made by the FMS: 
• The production is initiated by the conveyor belt C1 which 

brings in the raw material-A. Robot R1 picks the 
material-A, and loads machine M1.  

• Also, conveyor C2 brings material-B which is picked up 
and loaded into machine M2 by R2. 

• Semi-product P1 is made by M1. Similarly, semi-product 
P2 is produced by M2.  

• The robots R1 and R2 moves the semi-products from the 
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into the assembly station.  
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unpolished product on the assembly station by R2.  
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methods are categorized as methods for finding ‘Network 
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when the network is put into action, the nodes that are 
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undirected graph in which each arc is bidirectional. This 
assumption is necessary because, in directed graphs (digraph), 
the distance from a receiving node to the sending is infinite 
(whereas the distance from the sending node to the receiving 
node is equal to the weight of the arc). A bidirectional 
undirected graph gives equal distances both ways. Table-IV 
presents the closeness centrality values of the elements of the 
Petri net. 

 
D. Summary 

All the three centrality measures find tMA and tAS as the 
most central elements, and pIB2 as the most remote elements. It 
is easy to see from the Petri net (fig.2) that tMA and tAS take 
the central place and the input buffers pIB1 and pIB2 (along 
with pOB) are away from the center. However, if we have a 
large and complex Petri net, as we usually do when we work 
with real-life industrial manufacturing systems, then the central 
elements and the remote elements are not visible for bare eyes. 
We need to perform network centrality analysis to find these 
elements. Also, network centrality analysis tells us to what 
degree an element is central or remote in a network. 

 
Conclusion 

 
   This paper presents the realization of some of the methods for 
network centrality measurement. The methods are newly added 
as auxiliary functions to the software GPenSIM. GPenSIM is 
emphasized in this paper as it is developed by one of the 
authors of this paper. Up to this point of time, the authors of this 
paper are not aware of any other Petri net tool that can also 
analyze network centrality. Hence, this paper carries no 
discussion on comparison with the other tools.  
    GPenSIM is new simulator. However, it is being used by 
several universities around the world. This is due to the 
simplicity and flexibility of GPenSIM [16, 17, 18]. A detailed 
discussion of GPenSIM is presented in [14], though omitted in 
this paper due to brevity.  
    With the new functions for network centrality measure, it is 
now possible to use GPenSIM to analyze a large-scale 
manufacturing facility, to find out how central the elements of a 
Petri net are, in addition to the other dynamic analysis. 
Measuring network centrality of the elements in a 
manufacturing network has many useful applications. For 
example, the elements that scored high in the analysis can be 
placed in the central positions when designing layout of a new 
production system, and the elements that scored low are placed 
on the edges. These central elements can be kept in a protective 
and secure environment and be maintained (serviced) more 
often than the other less central elements. The elements that 
scored high should also be considered to be equipped with 
backups for fault-tolerance.  
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represented by tM1. Similarly, the activity of producing the 
semi-product P2 is given by tM2. The movement of the 
semi-products into the assembly station is by tMA, whereas 
tAS represents the actual assembly by R2 on the assembly 
station AS. The activity of picking up the unpolished product 
and placing it on the PS is given by tAP, whereas the actual 
painting job is represented by tPS. tPS also represents loading 
the completed product on the output buffer OB. 
 

 
Figure 2: The FMS as a Petri Net Model (adapted from the authors 

earlier paper [1]) 
 
 
B. GPenSIM Implementation 
   Two M-files are to be programmed to measure the network 
centrality of the Petri net elements using GPenSIM: 1) the Main 
Simulation File (MSF), and 2) the Petri net Definition File 
(PDF). Due to brevity, this paper does not show these two files 
and the three centrality functions. These files are given in the 
webpage [17]. The software GPenSIM can be downloaded 
from the website [18]. 
 

Simulation Results 
 
A. Degree Centrality Analysis 
   Table-II presents the degree centrality values of the different 
elements of the Petri net shown in the fig.2. Petri Net is a 
bipartite graph (a place can only be connected with transitions 
and transitions with places). Hence, the total number of 
elements N that can be connected with an element has two 
different values. N=Np (Np is the total number of places) if the 
element is a transition, and N=Nt (Nt is the total number of 
transitions) if the element is a place. This is because, in a Petri 
net, a place can be connected a maximum of Nt number of 
transitions whereas a transition can be connected a maximum of 
Np number of places.  
   Table-II shows that the place pC1 has one input and one 
output thus the value for degree centrality dc = 1+1 = 2, and its 
dC = dc/(Nt -1=9) = 0.22. Whereas, the transitions tAS, tC1M1, 
tC2M2, and tMA has the highest number of connections with 
two input and two output connections each. Thus the value for 
degree centrality is 4/(Np-1=16) = 0.25. This means, by degree 
centrality measures, the four transitions tAS, tC1M1, tC2M2, 
and tMA are the most important (central) elements in the 
network. 

   
B. Betweenness Centrality Analysis 
   In the degree centrality measures shown in the table-II, 
element piAS gets a moderate value of 2, as it has just one input 
and one output connections. Thus, by the degree centrality 
measure, piAS is not important as tAS which has a value of 4. 
The degree centrality measures give similar rank to pR2. 
However, both piAS and pR2 have to be much more important 
as they function as the bridge between two rather independent 
modules (the CNC module and the assembly & painting 
module). The betweenness centrality measures presented in the 
table-III highlight the importance of the bridging elements. 

TABLE II.  DEGREE CENTRALITY VALUES FOR THE ELEMENTS OF THE 
PETRI NET 

Elements dc dC 
tAS, tC1M1, tC2M2, tMA 4 0.25 
pC1, pR1, piAS, piM1, piPS, poAS, 
pR2, poC1, pR3, poC2, poM1, poM2, 
pC2, piM2 

2 0.22 

tC1, tC2, tPS 3 0.19 
tAP, tM1, tM2 2 0.13 
pIB1, pIB2, pOB 1 0.11 

TABLE III.  BETWEENNESS CENTRALITY VALUES FOR THE ELEMENTS 
OF THE PETRI NET 

Elements bc bC 
tMA 396 0.61 
tAS 341 0.53 
tC2M2 294 0.45 
pR2, poM2, tM2, tC1M1, piAS 203 – 236 0.34 
pR1, poM1, tM1, piM1 134 – 154  0.23 
pR3, tPS, piPS, tAP, poAS 82 – 112  0.15 
pC1, pC2, poC1, poC2, tC1, tC2  45 - 69 0.05 
pIB1, pIB2, pOB 0 0 

 
The places pIB1, pIB2, and pOB are sources and sinks thus 

not in the paths between any other pairs of elements. Thus, 
these three places have zero as their betweenness centrality 
values. The transition tMA is on the shortest path between 396 
pairs of elements. This means, out of the 26 X 25 = 650 
maximum possible pairs of elements (not involving tMA), 396 
of these pairs are connected through tMA (bC = 396/650=0.61). 
Thus, tMA has the highest bc and bC values. 

TABLE IV.  CLOSENESS CENTRALITY VALUES FOR THE ELEMENTS OF 
THE PETRI NET 

Elements cc cC 
tAS, piAS, tMA 85 – 87  0.31 
pR2, poM2, pR1, pR3, poAS 96 – 106  0.26 
tC2M2, poM1, piM2, tM2 107 – 109 0.24 
tC1M1, tM1, tPS, tAP, poC2, 
pC2 

113 – 128  0.23 – 
0.21 

poC1, piM1, pC1, piPS, pOB 134 – 148 0.18 
tC2, tC1 149, 155 0.17 
pIB2, pIB1 174, 180 0.14 

 
C. Closeness Centrality Analysis 

When measuring the distances between a specific element 
and all other elements, a fundamental change is introduced, 
namely every arc in the Petri net is assumed bidirectional. In 
other words, the Petri net is converted into a homogeneous 
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undirected graph in which each arc is bidirectional. This 
assumption is necessary because, in directed graphs (digraph), 
the distance from a receiving node to the sending is infinite 
(whereas the distance from the sending node to the receiving 
node is equal to the weight of the arc). A bidirectional 
undirected graph gives equal distances both ways. Table-IV 
presents the closeness centrality values of the elements of the 
Petri net. 

 
D. Summary 

All the three centrality measures find tMA and tAS as the 
most central elements, and pIB2 as the most remote elements. It 
is easy to see from the Petri net (fig.2) that tMA and tAS take 
the central place and the input buffers pIB1 and pIB2 (along 
with pOB) are away from the center. However, if we have a 
large and complex Petri net, as we usually do when we work 
with real-life industrial manufacturing systems, then the central 
elements and the remote elements are not visible for bare eyes. 
We need to perform network centrality analysis to find these 
elements. Also, network centrality analysis tells us to what 
degree an element is central or remote in a network. 

 
Conclusion 

 
   This paper presents the realization of some of the methods for 
network centrality measurement. The methods are newly added 
as auxiliary functions to the software GPenSIM. GPenSIM is 
emphasized in this paper as it is developed by one of the 
authors of this paper. Up to this point of time, the authors of this 
paper are not aware of any other Petri net tool that can also 
analyze network centrality. Hence, this paper carries no 
discussion on comparison with the other tools.  
    GPenSIM is new simulator. However, it is being used by 
several universities around the world. This is due to the 
simplicity and flexibility of GPenSIM [16, 17, 18]. A detailed 
discussion of GPenSIM is presented in [14], though omitted in 
this paper due to brevity.  
    With the new functions for network centrality measure, it is 
now possible to use GPenSIM to analyze a large-scale 
manufacturing facility, to find out how central the elements of a 
Petri net are, in addition to the other dynamic analysis. 
Measuring network centrality of the elements in a 
manufacturing network has many useful applications. For 
example, the elements that scored high in the analysis can be 
placed in the central positions when designing layout of a new 
production system, and the elements that scored low are placed 
on the edges. These central elements can be kept in a protective 
and secure environment and be maintained (serviced) more 
often than the other less central elements. The elements that 
scored high should also be considered to be equipped with 
backups for fault-tolerance.  
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represented by tM1. Similarly, the activity of producing the 
semi-product P2 is given by tM2. The movement of the 
semi-products into the assembly station is by tMA, whereas 
tAS represents the actual assembly by R2 on the assembly 
station AS. The activity of picking up the unpolished product 
and placing it on the PS is given by tAP, whereas the actual 
painting job is represented by tPS. tPS also represents loading 
the completed product on the output buffer OB. 
 

 
Figure 2: The FMS as a Petri Net Model (adapted from the authors 

earlier paper [1]) 
 
 
B. GPenSIM Implementation 
   Two M-files are to be programmed to measure the network 
centrality of the Petri net elements using GPenSIM: 1) the Main 
Simulation File (MSF), and 2) the Petri net Definition File 
(PDF). Due to brevity, this paper does not show these two files 
and the three centrality functions. These files are given in the 
webpage [17]. The software GPenSIM can be downloaded 
from the website [18]. 
 

Simulation Results 
 
A. Degree Centrality Analysis 
   Table-II presents the degree centrality values of the different 
elements of the Petri net shown in the fig.2. Petri Net is a 
bipartite graph (a place can only be connected with transitions 
and transitions with places). Hence, the total number of 
elements N that can be connected with an element has two 
different values. N=Np (Np is the total number of places) if the 
element is a transition, and N=Nt (Nt is the total number of 
transitions) if the element is a place. This is because, in a Petri 
net, a place can be connected a maximum of Nt number of 
transitions whereas a transition can be connected a maximum of 
Np number of places.  
   Table-II shows that the place pC1 has one input and one 
output thus the value for degree centrality dc = 1+1 = 2, and its 
dC = dc/(Nt -1=9) = 0.22. Whereas, the transitions tAS, tC1M1, 
tC2M2, and tMA has the highest number of connections with 
two input and two output connections each. Thus the value for 
degree centrality is 4/(Np-1=16) = 0.25. This means, by degree 
centrality measures, the four transitions tAS, tC1M1, tC2M2, 
and tMA are the most important (central) elements in the 
network. 

   
B. Betweenness Centrality Analysis 
   In the degree centrality measures shown in the table-II, 
element piAS gets a moderate value of 2, as it has just one input 
and one output connections. Thus, by the degree centrality 
measure, piAS is not important as tAS which has a value of 4. 
The degree centrality measures give similar rank to pR2. 
However, both piAS and pR2 have to be much more important 
as they function as the bridge between two rather independent 
modules (the CNC module and the assembly & painting 
module). The betweenness centrality measures presented in the 
table-III highlight the importance of the bridging elements. 

TABLE II.  DEGREE CENTRALITY VALUES FOR THE ELEMENTS OF THE 
PETRI NET 

Elements dc dC 
tAS, tC1M1, tC2M2, tMA 4 0.25 
pC1, pR1, piAS, piM1, piPS, poAS, 
pR2, poC1, pR3, poC2, poM1, poM2, 
pC2, piM2 

2 0.22 

tC1, tC2, tPS 3 0.19 
tAP, tM1, tM2 2 0.13 
pIB1, pIB2, pOB 1 0.11 

TABLE III.  BETWEENNESS CENTRALITY VALUES FOR THE ELEMENTS 
OF THE PETRI NET 

Elements bc bC 
tMA 396 0.61 
tAS 341 0.53 
tC2M2 294 0.45 
pR2, poM2, tM2, tC1M1, piAS 203 – 236 0.34 
pR1, poM1, tM1, piM1 134 – 154  0.23 
pR3, tPS, piPS, tAP, poAS 82 – 112  0.15 
pC1, pC2, poC1, poC2, tC1, tC2  45 - 69 0.05 
pIB1, pIB2, pOB 0 0 

 
The places pIB1, pIB2, and pOB are sources and sinks thus 

not in the paths between any other pairs of elements. Thus, 
these three places have zero as their betweenness centrality 
values. The transition tMA is on the shortest path between 396 
pairs of elements. This means, out of the 26 X 25 = 650 
maximum possible pairs of elements (not involving tMA), 396 
of these pairs are connected through tMA (bC = 396/650=0.61). 
Thus, tMA has the highest bc and bC values. 

TABLE IV.  CLOSENESS CENTRALITY VALUES FOR THE ELEMENTS OF 
THE PETRI NET 

Elements cc cC 
tAS, piAS, tMA 85 – 87  0.31 
pR2, poM2, pR1, pR3, poAS 96 – 106  0.26 
tC2M2, poM1, piM2, tM2 107 – 109 0.24 
tC1M1, tM1, tPS, tAP, poC2, 
pC2 

113 – 128  0.23 – 
0.21 

poC1, piM1, pC1, piPS, pOB 134 – 148 0.18 
tC2, tC1 149, 155 0.17 
pIB2, pIB1 174, 180 0.14 

 
C. Closeness Centrality Analysis 

When measuring the distances between a specific element 
and all other elements, a fundamental change is introduced, 
namely every arc in the Petri net is assumed bidirectional. In 
other words, the Petri net is converted into a homogeneous 


